Introduction {#Sec1}
============

Convexity and its generalizations played a critical role in multi-objective programming problems. In many generalizations, approximate convexity and invexity are two significant generalized versions of convexity, which tried to weaken the convexity hypotheses thus to study the relations between vector variational-like inequalities and multi-objective programming problems. Invexity was firstly put forward by Hanson \[[@CR1]\]. Then Osuna-Gómez *et al.* \[[@CR2]\] introduced the notions of generalized invexity for differentiable functions in a finite-dimensional contex. And this generalized invexity has been extended to locally Lipschitz functions using the generalized Jacobian (see \[[@CR3], [@CR4]\]). Ben-Israel and Mond \[[@CR5]\] presented pseudoinvex functions which generalized pseudoconvex functions in the same manner as invex functions generalized convex functions. Mishra *et al.* \[[@CR6]\] and Ngai *et al.* \[[@CR7]\] introduced the concept of approximately convex functions. Inspired and motivated by this ongoing research work, we present the concept of approximately invex function of higher order.

The notion of an efficient solution in multi-objective programming is widely used. Considering the complexity of optimization problems, several variants of the efficient solutions have been introduced (see \[[@CR8]--[@CR11]\]). Recently, researchers have shown great interests in quasi-efficiency of multi-objective programming (see \[[@CR12], [@CR13]\]). In this work, we give the notion of a quasi-efficient solution of higher order for a class of *nonsmooth multi-objective programming problems* (NMPs) with respect to a function.

The vector variational inequality was initially introduced by Giannessi \[[@CR14]\]. Since then vector variational inequalities, which were used as an efficient tool to study multi-objective programming, have attracted much attention and have been extended to *generalized vector variational-like inequalities* (GVVI). Recently, a great quantity of work focused on the study of relations between (GVVI) and multi-objective programming under different convexity assumptions (see \[[@CR15]--[@CR17]\]). Motivated by the previous contributions, in this note, our purpose is to obtain the relations between (GVVI) and (NMP) under approximate invexity of higher order.

The rest of this work is organized as follows. In Section [2](#Sec2){ref-type="sec"}, we recall some basic definitions and preliminary results. Besides, the notions of approximately invex function of higher order with respect to vector-valued functions and (weakly) quasi-efficient solution of higher order for (NMP) with respect to a vector-valued function are introduced, and examples are provided to illustrate their existence. In Section [3](#Sec3){ref-type="sec"}, the relations between (GVVI) and (NMP) are established under the approximate invexity of higher-order assumptions. In Section [4](#Sec4){ref-type="sec"}, we study the relations between vector critical points and weakly quasi-efficient solutions of higher order for (NMP) with respect to a vector-valued function.

Notations and preliminaries {#Sec2}
===========================
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For the sake of convenience, we firstly recall some notations that will be used in the sequel. *We always suppose that* $\documentclass[12pt]{minimal}
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Rademacher's theorem (see Corollary 4.12 in \[[@CR19]\]) indicates that a function *f* satisfying the Lipschitz condition ([2.1](#Equ1){ref-type=""}) is Fréchet differentiable. Based on this fact, Clarke \[[@CR18]\] presented the following concept of the generalized Jacobian of *f* at some point.
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The generalized invexity of differentiable functions in a finite-dimensional space (see \[[@CR2]\]) has been extended to locally Lipschitz functions using the generalized Jacobian as follows (see \[[@CR3], [@CR4]\]).
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In the generalized convexity of functions, the study of approximately convex functions (see \[[@CR6], [@CR7], [@CR12], [@CR21]\]) is a hot spot. Mishra and Upadhyay \[[@CR21]\] introduced the following concept of vector-valued approximately convex functions.
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Motivated by above definitions, we give the notions of approximate invexity of order *m* with respect to *η* and *ψ*, strictly approximate invexity of order *m* with respect to *η* and *ψ* and approximate pseudoinvexity of type I of order *m* with respect to *η* and *ψ* as follows.
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                \begin{document}$$ f(x)\geqq f(x_{0})+A\eta(x,x_{0})-\alpha \bigl\Vert \psi(x,x_{0}) \bigr\Vert ^{m}, \quad \forall A\in \partial_{J} f(x_{0}). $$\end{document}$$ *f* is said to be approximately invex of order *m* with respect to *η* and *ψ* on *X*, if for every $\documentclass[12pt]{minimal}
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                \begin{document}$x\in X$\end{document}$, *f* is approximately invex of order *m* at *x* with respect to *η* and *ψ*.

Remark 2.1 {#FPar7}
----------
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Remark 2.2 {#FPar8}
----------

A function which is invex at $\documentclass[12pt]{minimal}
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                \begin{document}$x_{0}$\end{document}$ with respect to *η* and *ψ*, but in the contrary case, it does not hold. The following example is given to illustrate this fact.

Example 2.1 {#FPar9}
-----------

Consider the vector-valued function $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \partial_{J} f(x)= \textstyle\begin{cases} \{(1, -1)^{T}\}& \mbox{if } x< 0 \mbox{ or } x>1, \\ \{(1, a)^{T}: -1\leq a\leq0\}& \mbox{if } x=0 \mbox{ or } x=1, \\ \{(1, 0)^{T}\}& \mbox{if } 0< x< 1. \end{cases} $$\end{document}$$ We firstly prove that *f* is not invex with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$(-1,0)^{T}\geqq (u,au)^{T}, \forall a\in[-1,0]$\end{document}$, this implies $\documentclass[12pt]{minimal}
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                \begin{document}$a=-1$\end{document}$, from above inequality $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} f(x)-f(x_{0})-A\eta = & \bigl(x-2,\varphi(x)-a\bigr)^{T} \\ \geqq & \bigl(- \vert x-2 \vert ,-2|x-2|\bigr)^{T} \\ =& -\alpha \bigl\Vert \psi(x,x_{0}) \bigr\Vert . \end{aligned}$$ \end{document}$$

Definition 2.7 {#FPar10}
--------------
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                \begin{document}$f: X\rightarrow\mathbb{R}^{p}$\end{document}$ is said to be strictly approximately invex of order *m* at $\documentclass[12pt]{minimal}
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                \begin{document}$$ f(x)> f(x_{0})+A\eta(x,x_{0})-\alpha \bigl\Vert \psi(x,x_{0}) \bigr\Vert ^{m}, \quad x\neq x_{0}, \forall A\in\partial_{J} f(x_{0}). $$\end{document}$$ *f* is said to be strictly approximately invex of order *m* with respect to *η* and *ψ* on *X*, if for every $\documentclass[12pt]{minimal}
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                \begin{document}$x\in X$\end{document}$, *f* is strictly approximately invex of order *m* at *x* with respect to *η* and *ψ*.

Definition 2.8 {#FPar11}
--------------

Let $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{0}\in X$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m\geq1$\end{document}$ be a positive integer. The function $\documentclass[12pt]{minimal}
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                \begin{document}$$ A\eta(x,x_{0})\geqq0, \quad \mbox{for some } A\in \partial_{J} f(x_{0})\quad \Rightarrow\quad f(x)-f(x_{0})\geqq-\alpha \bigl\Vert \psi(x,x_{0}) \bigr\Vert ^{m}, $$\end{document}$$ or, equivalently, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ f(x)+\alpha \bigl\Vert \psi(x,x_{0}) \bigr\Vert ^{m}< f(x_{0})\quad \Rightarrow\quad A\eta(x,x_{0})< 0, \quad \forall A\in\partial_{J} f(x_{0}). $$\end{document}$$ *f* is said to be approximately pseudoinvex type I of order *m* with respect to *η* and *ψ* on *X*, if for every $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X$\end{document}$, *f* is approximately pseudoinvex type I of order *m* at *x* with respect to *η* and *ψ*.

The following example illustrates the existence of approximate invexity of order *m* with respect to *η* and *ψ* and of an approximately pseudoinvex type I function of order *m* with respect to *η* and *ψ*.

Example 2.2 {#FPar12}
-----------
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                \begin{document}$\psi: X\times X\rightarrow \mathbb{R}^{2}$\end{document}$ defined by $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$ \begin{aligned} &f(x)=\bigl(x, \max\{-x,0,x-1\}\bigr)^{T},\qquad f'(x)= \bigl(-2x, \max\{-x,0,x-1\}\bigr)^{T}, \\ &\eta(x, x_{0})=x-x_{0} \quad \mbox{and} \quad \psi(x,x_{0})=\biggl(\frac{x^{2}}{\sqrt{1+x_{0}^{2}}},0\biggr)^{T}. \end{aligned} $$\end{document}$$ For any positive integer $\documentclass[12pt]{minimal}
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                \begin{document}$m\geq1$\end{document}$, it is easy to verify that *f* is approximately invex of order *m* at $\documentclass[12pt]{minimal}
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                \begin{document}$x_{0}=-1$\end{document}$ with respect to *η* and *ψ*. In fact, we can easily obtain $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& f(x)-f(x_{0})=\bigl(x, \max\{-x,0,x-1\}\bigr)^{T}-(-1,1)^{T}= \bigl(x+1, \max\{-x,0,x-1\} -1\bigr)^{T}, \\& A\eta(x,x_{0})-\alpha \bigl\Vert \psi(x,x_{0}) \bigr\Vert ^{m} = (1,-1)^{T}(x+1)-(\alpha_{1}, \alpha_{2})^{T} \biggl(\biggl(\frac{x^{2}}{\sqrt{2}} \biggr)^{2}+0^{2} \biggr)^{\frac {m}{2}} \\& \hphantom{A\eta(x,x_{0})-\alpha \bigl\Vert \psi(x,x_{0}) \bigr\Vert ^{m}} = \bigl(x+1, -(x+1)\bigr)^{T}-(\alpha_{1}, \alpha_{2})^{T}\biggl(\frac{x^{2}}{\sqrt {2}}\biggr)^{m}. \end{aligned}$$ \end{document}$$ Obviously, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl(x+1, \max\{-x,0,x-1\}-1\bigr)^{T}\geqq\bigl(x+1, -(x+1) \bigr)^{T}-(\alpha_{1}, \alpha _{2})^{T} \biggl(\frac{x^{2}}{\sqrt{2}}\biggr)^{m}. $$\end{document}$$ That is, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} f'(x)-f'(x_{0}) =&\bigl(-2x, \max\{-x,0,x-1 \}\bigr)^{T} \geqq-(\alpha_{1}, \alpha_{2})^{T} \biggl(\frac{x^{2}}{\sqrt{2}}\biggr)^{m} \\ = &-\alpha \bigl\Vert \psi(x,x_{0}) \bigr\Vert ^{m}. \end{aligned}$$ \end{document}$$ This fulfills the condition of an approximately pseudoinvex type I of order *m* function at $\documentclass[12pt]{minimal}
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                \begin{document}$x_{0}=0$\end{document}$ with respect to *η* and *ψ*.

Remark 2.3 {#FPar13}
----------
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                \begin{document}$$ \varphi(x)-\varphi(x_{0})\geq-\alpha\|x-x_{0}\|, \quad \forall x \in B(x_{0},\delta)\cap X. $$\end{document}$$ However, *φ* is not pseudoinvex at $\documentclass[12pt]{minimal}
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We consider the following *nonsmooth multi-objective programming problem* (NMP): $$\documentclass[12pt]{minimal}
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                \begin{document}$$ (\mathrm{NMP}) \quad \textstyle\begin{cases} \mathcal{}\mbox{minimize } f(x)=(f_{1}(x),f_{2}(x),\ldots ,f_{p}(x))^{T}, \\ \quad \mbox{subject to } x\in X, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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In multi-objective programming problems, efficient and weakly efficient solutions are widely used. Considering the complexity of the optimization problem in reality and in order to find the optimal solution of multi-objective optimization problem in a smaller range, the notion of quasi-efficient and weakly quasi-efficient are introduced as follows (see \[[@CR12], [@CR21], [@CR22]\]).

Definition 2.9 {#FPar14}
--------------
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Definition 2.10 {#FPar15}
---------------

A point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{0}\in X$\end{document}$ is said to be a weakly efficient solution to the (NMP), if there exists no $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in X$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ f(x)< f(x_{0}). $$\end{document}$$

Definition 2.11 {#FPar16}
---------------
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                \begin{document}$$ f(x)< f(x_{0})-\alpha\|x-x_{0}\|. $$\end{document}$$

Now, we present the concepts of (weakly) quasi-efficient solution of order *m* with respect to a function *ψ* for the problem (NMP).

Definition 2.12 {#FPar17}
---------------
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                \begin{document}$x_{0}\in X$\end{document}$ is called a quasi-efficient solution of order *m* for (NMP) with respect to *ψ*, if there exist a function $\documentclass[12pt]{minimal}
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                \begin{document}$$ f(x)\leqslant f(x_{0})-\alpha \bigl\Vert \psi(x,x_{0}) \bigr\Vert ^{m}. $$\end{document}$$

Definition 2.13 {#FPar18}
---------------
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                \begin{document}$x_{0}\in X$\end{document}$ is called a weakly quasi-efficient solution of order *m* for (NMP) with respect to *ψ*, if there exist a function $\documentclass[12pt]{minimal}
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                \begin{document}$$ f(x)< f(x_{0})-\alpha \bigl\Vert \psi(x,x_{0}) \bigr\Vert ^{m}. $$\end{document}$$

Remark 2.4 {#FPar19}
----------

It is clear that efficient solution implies quasi-efficient solution of order *m* with respect to *ψ* to the (NMP), but the converse may not be true. To illustrate this fact, we consider the following multi-objective programming problem: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \textstyle\begin{cases} \mbox{minimize } f(x)=(\ln(x+1)-x^{2},x^{3}-x^{2})^{T}, \\ \quad \mbox{subject to } x\geq0, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f: \mathbb{R}_{+}\rightarrow\mathbb{R}^{2}$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{0}=0$\end{document}$ is a quasi-efficient solution of order *m* for (NMP) with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\psi (x,x_{0})=(x,x_{0})^{T}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha=(1,1)^{T}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m=2$\end{document}$, but not an efficient solution.

Remark 2.5 {#FPar20}
----------

A quasi-efficient solution of order *m* for (NMP) with respect to *ψ* is not to be a quasi-efficient solution in the sense of Definition [2.11](#FPar16){ref-type="sec"}. For example, let $\documentclass[12pt]{minimal}
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Relations between (GVVI), (GWVVI) and (NMP) {#Sec3}
===========================================

In this section, by using the tools of nonsmooth analysis, we shall disclose that the solutions of generalized vector variational-like inequalities (GVVI) or (GWVVI) are the generalized quasi-efficient solutions under the extended invexity (defined in Section [2](#Sec2){ref-type="sec"}).
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Theorem 3.2 {#FPar23}
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Theorem 3.3 {#FPar25}
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Characterization of generalized quasi-efficient solutions by vector critical points {#Sec4}
===================================================================================

This section is devoted to investigating the relations between vector critical points and weakly quasi-efficient solution of order *m* for (NMP) with respect to *ψ* under generalized invexity (introduced in Section [2](#Sec2){ref-type="sec"}) hypotheses imposed on the involved functions.

Definition 4.1 {#FPar27}
--------------
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Lemma 4.1 {#FPar28}
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Theorem 4.1 {#FPar29}
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Conclusions {#Sec5}
===========

In the current work, we present several extended approximately invex vector-valued functions of higher order involving a generalized Jacobian. Furthermore, the notions of higher-order (weak) quasi-efficiency with respect to a function for a multi-objective programming are also introduced, and some examples are given to illustrate their existence. Under generalization of higher-order approximate invexities assumptions, it proves that the solutions of generalized vector variational-like inequalities in terms of the generalized Jacobian are the generalized quasi-efficient solutions to nonsmooth multi-objective programming problems (*i.e.* Theorems [3.1](#FPar21){ref-type="sec"}-[3.3](#FPar25){ref-type="sec"}). In addition, we also focused on examining the equivalent conditions. By employing the Gordan theorem \[[@CR23]\], the equivalent conditions are obtained, that is, a vector critical point is a weakly quasi-efficient solution of higher order with respect to a function (Theorem [4.1](#FPar29){ref-type="sec"} and Theorem [4.2](#FPar31){ref-type="sec"}).

**Competing interests**

The authors have no competing interests.

**Authors' contributions**

All authors contributed equally to the writing of this paper. All authors read and approve the final text.

**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

This research was supported by the Natural Science Foundation of China under Grant Nos. 61650104, 11361001.
